We describe the relations among the ℓ-torsion conjecture for ℓextensions, the discriminant multiplicity conjecture for nilpotent extensions and a conjecture of Malle giving an upper bound for the number of nilpotent extensions. We then prove all of these conjectures in these cases.
Introduction
The goal of this paper is twofold: on one hand, to show the relations between several main conjectures in arithmetic statistics namely, the ℓ-torsion conjecture, the discriminant multiplicity conjecture and Malle's conjecture for the number of number field extensions with given Galois group, with an emphasis on nilpotent extensions; on the other hand, moreover, using genus theory we show that these conjectures have affirmative answers when we restrict our discussion to the ℓ-torsion of class groups of ℓ-extensions, and to nilpotent extensions for the other two conjectures. As shown in the proof, we remark the fundamental reason for conjectures to hold in such a perfect shape for these cases is completely group theoretic, i.e., nilpotent groups have non-trivial center.
Firstly, we consider the class group Cl E of a number field E of absolute discriminant D. By the proof of finiteness of the class number the size of Cl E is bounded by O ǫ,[E:Q] (D 1/2+ǫ ) for all ǫ > 0. We denote by h ℓ (E) the size of the ℓ-torsion subgroup Cl E [ℓ] of Cl E . The following conjecture is widely expected to hold.
Conjecture A (ℓ-torsion conjecture, [2, 4, 15] ). Let E be a number field of absolute discriminant D and degree n = [E : Q] and ℓ be a prime number. Then h ℓ (E) = O ǫ,n,ℓ (D ǫ ) for all ǫ > 0 and for D → ∞.
This conjecture is known to be true for ℓ = 2 and [E : Q] = 2 by genus theory. In general, in [12] Conjecture A is shown to be a consequence of Cohen-Lenstra heuristics. We prove this conjecture for all primes ℓ and all number fields E/Q such that the normal closure is an ℓ-group extension. In Theorem 2.6 we prove a more general version, where the normal closure of E/F over a number field F is an ℓ-group extension.
The ℓ-torsion conjecture is connected to the question on the number of number fields with the same discriminant, and thus the number of number fields with bounded discriminant.
In order to introduce these problems we define a more general notion for Gextensions. Let F be a number field and E = F (α) be an extension of degree n. Furthermore let f ∈ F [x] be the minimal polynomial of α. By abuse of notation we define Gal(E/F ) := Gal(f ) ≤ S n and we call E/F a G-extension for G = Gal(f ). In our notation G is always a transitive subgroup of S n . For X ≥ 0 let
be the number of field extensions of F (inside a fixed algebraic closureQ) of degree n with Galois group G ≤ S n and Disc(E/F ) = |d(E/F )| is the (absolute) norm of the discriminant ideal d(E/F ) bounded above by X. Note that there are only finitely many number fields of given degree and bounded discriminant, hence N (F, G; X) is finite for all G, F, X.
Gunter Malle [9, 10] has given a precise conjecture about the asymptotic behavior of the function N (F, G; X) for X → ∞. In order to state it, we introduce some group theoretic invariants of permutation groups. Definition 1.1. Let G ≤ S n be a transitive group acting on Ω = {1, . . . , n}.
(i) For g ∈ G we define the index ind(g) := n − the number of orbits of g on Ω.
(ii) For n > 1 let a(G) := ind(G) := min{ind(g) : id = g ∈ G}.
Note that a(G) here is the inverse of the a(G) defined in [9] .
Conjecture B (Malle's Conjecture (weak version of the upper bound), [9] ). For all number fields F and all transitive permutation groups G ≤ S n we have
In the same paper Malle gives also a conjecture for a lower bound which is equivalent to lim inf X→∞ X a(G) N (F, G; X) > 0. We remark that Malle gives a refined version of the conjecture in [10] , which we do not need in our context here. There are also counter-examples known due to the first author [7] for this refined conjecture.
Certainly, the upper bound on the number of G-extensions of F is related to the question on an upper bound of the number of extensions with the same absolute discriminant.
Conjecture C (Discriminant Multiplicity Conjecture, [4, 5] ). Given a transitive permutation group G ≤ S n , a number field F , and D > 0, let a D be the number of G-extensions of F with discriminant Disc(E/F ) = D. Then
We organize the paper as following. In Section 2, we prove Theorem 2.6 that Conjecture A holds for the ℓ-torsion of class groups in ℓ-extensions by genus theory. In Section 3, we prove Theorem 3.1 that Conjecture C for nilpotent extensions is a consequence of Theorem 2.6. In Section 4, we reprove that Conjecture B for nilpotent extensions is a consequence of Theorem 3.1. We remark that this result was originally proved in [8, 1] . Using the setting here we get it as an easy application. Therefore these different conjectures have interesting connections. In our eyes this also supports the heuristic of Malle's conjecture. All results in this paper are effective.
ℓ-torsion conjecture
In this section, we prove Conjecture A for the ℓ-torsion of class groups of ℓextensions in Theorem 2.6. The reader can also find a different perspective on a proof of Theorem 2.6 by G. Gras [6] .
We start with the following theorem, which is proved in [3, Theorem 2.2] for odd ℓ and generalized in [13, Theorem 2] to ℓ = 2. In order to keep this note self-contained we give a proof of this statement here. In the following we use the notion places for finite prime ideals and infinite places.
Theorem 2.1. Let E/F be a cyclic extension of number fields of degree ℓ ramified in t places. Let e := max(t, 1). Then
Proof. Firstly, the Galois group Gal
Therefore, the only eigenvalue is 1 and each Jordan block has at most size ℓ. It suffices to prove that the number of Jordan blocks is bounded by e − 1 + rk ℓ (Cl F ).
The number of Jordan blocks is equal to the dimension of the maximal quotient space on which σ acts trivially. Denote the corresponding class field by M . Notice that since σ acts trivially, the field M/F is Galois and abelian, therefore
. We would like to prove that s ≤ e − 1 + rk ℓ (Cl F ). We note that the second case can only happen when t = 0, i.e. E/F is unramified. In this case we see s = rk ℓ (Cl F ) and our claim is proved.
In the first case denote by L/F the maximal unramified (including infinite places) subextension of M/F . We know by construction that Gal
. M/L is abelian and it has no subextension which is everywhere unramified (including infinite places). Therefore M/L is generated by the inertia groups of the ramified prime ideals including the infinite ones. Let p be a prime ideal of O F which is ramified in M . Since M/E is unramified, we see that the inertia group has size ℓ and is therefore cyclic. The same applies for the prime ideal in L lying above p. The inertia groups at infinite places are always cyclic and we see that each ramified prime in E/F can increase the rank of Gal(M/L) by at most 1. We therefore get:
We remark that [13, Theorem 2.2] gives a slightly better upper bound if E/F is unramified, Furthermore, it gives a better bound for the cyclic of order ℓ r -case compared to the inductive approach we present in Theorem 2.3. In order to prove this theorem for non normal extensions we need the following lemma. Lemma 2.2. Let n = ℓ r and G ≤ S n be an ℓ-group and E/F be an extension of number fields with Gal(E/F ) = G. Then there exists a tower of fields
Proof. LetẼ be the normal closure of E over F . Denote H to be the subgroup of G fixing E and choose a maximal subgroup G 1 ≤ G that contains H. Note that all maximal subgroups of an ℓ-group have index ℓ and are normal. Define F 1 to be the subfield ofẼ fixed by G 1 . Inductively, we can find a sequence of subgroups
define F i to be the subfield fixed by G i . Now we prove our main result of this section. We remark that [3, page 424] describes just before Theorem 3 how to get this result for normal ℓ-extensions. Theorem 2.3. Let n = ℓ r , G ≤ S n be a transitive ℓ-group, and E/F be an extension of number fields with Gal(E/F ) = G, and with tower as defined in (1) . Let t i be the number of ramified places in F i+1 /F i and e i := max(t i , 1). Then we get:
Proof. By Lemma 2.2 we find a tower of cyclic extensions of order ℓ. The assertion now follows by applying Theorem 2.1 for each step.
The above version is still a little bit complicated since we need to know the number of ramified places in each step. It would be much nicer to have a bound which is only depending on the number of ramified places of F . Let p be a prime ideal of O F which ramifies for the first time in F i+1 . We have the extremal case if p splits completely in F i which means that there are ℓ i places over p lying in F i . Therefore, if t is the number of prime ideals in O F which are ramified in E/F , then we get that t i ≤ e i ≤ max(ℓ i t, 1) in (2) . Therefore we get: Lemma 2.4. Let G ≤ S n be a transitive ℓ-group and E/F be an extension with Gal(E/F ) = G of degree n = ℓ r which is ramified in t places. Then
Proof. Note that e i −1 ≤ ℓ i t and using this in (2) we get rk ℓ (Cl E ) ≤ rnt+nrk ℓ (Cl F ) and the assertion follows easily.
In the next step we would like to know an upper bound for the number of different prime ideals dividing the discriminant of E/F . We use the following standard result, e.g. see [14, Section 5.3, p. 83].
Proposition 2.5. For an integer n we denote by ω(n) the number of distinct prime factors. Then there exists an explicit constant C > 0 such that for every n, ω(n) ≤ C log n log log n .
Let F be a number field of degree d. Then for an integral ideal n ✂ O F with absolute norm n = |n|, the number of prime ideal factors is bounded by ω(n) ≤ d · ω(n) ≤ Cd log n log log n .
We remark that the average order of ω(n) is log log n.
Using that the number of ramified prime ideals in a relative extension E/F is ω(d(E/F )), we prove our main result by applying Proposition 2.5 and Lemma 2.4. Theorem 2.6. Let E/F be an ℓ-group extension of degree n = ℓ r and absolute discriminant D := Disc(E/F ), and define d := [F : Q]. Then we get:
equivalently, we get for the size h ℓ (E) of the ℓ-torsion part Cl E [ℓ]:
Remark 2.7. Note that we easily get the following estimate for the ℓ s -torsion
Discriminant Multiplicity Conjecture for Nilpotent Extensions
In this section we prove Conjecture C for nilpotent groups. In a first step we prove this theorem for ℓ-groups and then use this for proving the case of arbitrary nilpotent groups. For the latter step we need a group theoretic lemma. This states that any transitive nilpotent permutation group G ≤ S n is isomorphic to a natural direct product of its ℓ-Sylow subgroups. It is a standard fact that all nilpotent groups are isomorphic to the direct product of their ℓ-Sylow subgroups, however we emphasize that we need to prove the isomorphism in the category of permutation groups. Equivalently, this means that all nilpotent Gextensions (not necessarily Galois) can be realized as a compositum of ℓ-extensions.
Lemma 3.2. A transitive nilpotent permutation group G ≤ S n is permutation isomorphic to the natural direct product of transitive permutation groups
where the G ℓ are the ℓ-Sylow subgroups of G.
Proof. Firstly, it is a standard result that a nilpotent group G is isomorphic to ℓ G ℓ where G ℓ are the ℓ-Sylow subgroups of G. For any prime q, let us define the canonical projection π q : ℓ G ℓ → G q . Next, we show that an arbitrary subgroup H ≤ G satisfies H ≃ ℓ H ℓ where we define H ℓ := π ℓ (H) ≤ G ℓ . On the one hand, by definition it is obvious that H ≤ ℓ H ℓ . On the other hand, by Chinese remainder theorem there exists an integer s such that s ≡ 1 mod |H ℓ | and s ≡ 0 mod |H q | for all q = ℓ.
Therefore if h = (h ℓ ) ℓ ∈ H, then (id, . . . , h p , . . . , id) = h s ∈ H, which implies H p × q =p {id} ≤ H and thus ℓ H ℓ ≤ H. Now suppose the permutation representation G ≤ S n is realized by the action of G on the left cosets of g i H for i = 1, . . . , n. It is isomorphic to the componentwise action of ℓ G ℓ on the left cosets of ℓ g ℓ H ℓ , i.e., G ≃ ℓ G ℓ as a permutation group of degree n = [G : 
Proof. Let E/F be such an extension. Then by class field theory the finite part f 0 of the conductor has the property that d = f ℓ−1 0 . Denote by f ∞ the set of real places, if ℓ = 2 and let f ∞ = ∅ otherwise. Then E is contained in the ray class field of f = f 0 f ∞ and we need an upper bound on the size of the ℓ-torsion of this ray class group Cl f . By class field theory we have the following short exact sequence,
Considering the wildly ramified primes, the extreme case happens when all wildly ramified primes are dividing f 0 and ℓ splits in F . In this situation the wildly ramified primes might increase the ℓ-rank by 2d. The infinite places might increase the 2-rank by d and therefore we get the following upper bound:
) for some C depending on the degree d. This is bounded by O ǫ,d (D ǫ ). Therefore it suffices to prove that the number of G-extensions
In order to prove the claim note that b D is multiplicative and therefore it suffices to prove it for prime powers D = p s . The worst case happens when p is split in F . Then the number of ideals is equal to d+s−1
Let us assume that G ≤ S n is a transitive ℓ-group of degree n = ℓ r . We proceed by induction on r. When r = 1, then G = C ℓ and we apply Lemma 3.3.
Suppose the statement holds for ℓ-extensions of degree n = ℓ r . Given an arbitrary ℓ-extension E/F of degree ℓ r+1 , there is a chain of subfields E = E r+1 ≥ E r ≥ · · · ≥ E 0 = F using Lemma 2.2. Denote d(E r /F ) = m, then we have m ℓ · m ′ = d by the discriminant formula for towers.
By induction for n = ℓ r , the number of extensions E r /F with d(E r /F ) = m | d is bounded by O ǫ,F,n (|m| ǫ ). Using Lemma 3.3 the number of E r+1 /E r with relative discriminant NE r /F (d(E r+1 /E r )) = m ′ is bounded by O ǫ,d,ℓ (h ℓ (E r ) · |m ′ | ǫ ). Since h ℓ (E r ) = O ǫ,F,n (|m| ǫ ) by Theorem 2.6, we get the bound O ǫ,F,n (|m ′ | ǫ |m| ǫ ) for the
. This finishes the proof of the discriminant multiplicity conjecture for general ℓ-extensions.
Secondly, we deduce the discriminant multiplicity conjecture for nilpotent extensions from the one for ℓ-extensions. Given a transitive nilpotent permutation group G ≤ S n , by Lemma 3.2, we have
Therefore each G-extension E/F is the compositum of ℓ i -extensions E ℓi /F with Gal(E ℓi /F ) = G ℓ ≤ S ℓ s i i . Therefore the number of G-extensions E/F with d(E/F ) = d is bounded by the number of tuples (E ℓ1 , . . . , E ls ) of ℓ i -extensions with d(E ℓi /F ) | d and Gal(E ℓi /F ) = G ℓi for each i. Combining the result on ℓ-extensions and the fact that the number of divisors of d is bounded by O ǫ,n (D ǫ ), we deduce that the number of E ℓ /F for each prime ℓ | n is bounded by O ǫ,F,n ℓ (D ǫ ). Taking the product over all ℓ | n, we get the number of such tuples is bounded by
Remark 3.4. Since all conjectures are shown to be true in this paper when we restrict to cases of consideration, we do not intend to give a full treatment on the implication from Conjecture C to Conjecture A, which is a inverse direction of the above theorem. In [5, 12] , the implication from Conjecture C on degree ℓ · nextensions to Conjecture A on ℓ-torsion in class groups of degree n-extensions is given in a general setting. 
Malle's Conjecture for Nilpotent Extensions
where we define F (X) := ♯{D ∈ A : D < X} to be the counting function associated to A. We will show that . The function f (s) thus has an analytic continuation to ℜ(s) ≥ 1/a(G) except for a simple pole at s = 1/a(G). We get (4) from a Tauberian theorem, e.g. see [11, p. 121 ]. Then the result follows since C ǫ ·F (X)·X ǫ = O ǫ (X 1/a(G)+ǫ ). Actually, note that an upper bound for F (X) of order O ǫ (X 1/a(G)+ǫ ) is enough for our proof. Remark 4.3. In order to show an inverse direction of the above corollary in the general setting, see [5] where Conjecture B on subgroups of G k for all integers k implies Conjecture C for G-extensions.
